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It is well known that the famous covering problem of Hadwiger is completely solved only
in the planar case, i.e.: any planar convex body can be covered by four smaller homothetical
copies of itself. Lassak derived the smallest possible ratio of four such homothets (having
equal size), using the notion of regular 4-covering. We will continue these investigations,
mainly (but not only) referring to centrally symmetric convex plates. This allows to
interpret and derive our results in terms of Minkowski geometry (i.e., the geometry of
finite dimensional real Banach spaces). As a tool we also use the notion of quasi-perfect
and perfect parallelograms of normed planes, which do not differ in the Euclidean plane.
Further on, we will use Minkowskian bisectors, different orthogonality types, and further
notions from the geometry of normed planes, and we will construct lattice coverings of
such planes and study related Voronoi regions and gray areas. Discussing relations to the
known bundle theorem, we also extend Miquel’s six-circles theorem from the Euclidean
plane to all strictly convex normed planes.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A famous conjecture of Hadwiger says that any convex body of the n-dimensional Euclidean space can be covered by 2n
smaller homothetical copies of itself. This conjecture is completely confirmed only for the planar case n = 2; see, e.g., Levi’s
paper [13,10], and Chapter VI of the monograph [7]. In [12] Lassak proved that the smallest possible ratio of four such
homothetical copies (of the same size) in the plane is not greater than 12
√
2. In his proof so-called regular 4-coverings play
the key role, and their construction is described in the same paper. In the present paper we continue Lassak’s investigations
on regular 4-coveringswhich are defined at the beginning of Section 3 below.Wemostly restrict ourselves to strictly convex,
centrally symmetric bodies. (Nevertheless, various theorems in this paper refer to convex bodies which are not necessarily
centrally symmetric.) Due to this we derive many new properties of such coverings and unexpected relations to classical
theorems of Euclidean geometry. E.g., we construct a lattice covering of the plane and investigate Voronoi regions and gray
areas connected with such coverings (for Voronoi diagrams and related notions we refer to the survey [3]).
LetV be a two-dimensional linear space, andD ⊂ V be a convex body (i.e., a compact, convex setwith non-empty interior
in V) centered at the origin o. This body induces a norm ‖ · ‖ in V by
‖x‖ := inf{λ > 0 : λ−1x ∈ D},
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and it turns out to be the unit disc of the normed (orMinkowski) plane (V, ‖ · ‖); see the monograph [24]. Any homothetical
copy of the unit disc of (V, ‖ · ‖) is a (Minkowskian) disc of that normed plane, and we will prefer to use this notion (instead
of the notion of centered convex body). For such a disc with center p and radius λ we write D(p, λ), its boundary (i.e., the
corresponding Minkowskian circle) is denoted by C(p, λ). If the unit circle of a normed plane (V, ‖ · ‖) is a strictly convex
curve (i.e., it contains no non-degenerate segment), then (V, ‖ · ‖) is called strictly convex. If two circles in a normed plane
intersect in exactly one point, we say that they touch each other (notice that two circles in a strictly convex normed plane
intersect in at most two points; see [20, Proposition 14]). A vector p 6= o is Birkhoff orthogonal to a vector q 6= o (see [6]),
denoted by p a q, if ‖p‖ ≤ ‖p + λq‖ for all λ ∈ R. Geometrically this means that the circle C(o, ‖p‖) is supported at p by
a line which is parallel to q. Clearly, if the plane (V, ‖ · ‖) is strictly convex, then for any direction q there exists a unique
direction p such that p a q. On the other hand, two vectors x, y ∈ (V, ‖ · ‖) are Pythagorean orthogonal, denoted by x⊥P y, if
‖x+ y‖2 = ‖x‖2+‖y‖2. For the line through the points p, q the symbol 〈p, q〉 is used, and for the segment with endpoints p,
qwe write [p, q]. If points p and q on the unit circle C coincide or p precedes q according to a fixed orientation of C, we will
write p ≺ q. The bisector of two points x, y ∈ (V, ‖ · ‖) is defined by
B(x, y) := {z ∈ V : ‖x− z‖ = ‖y− z‖}.
Bisectors in normed planes can have a complicated topological structure, but if the plane (V, ‖ · ‖) is strictly convex, then
they are simply unbounded curves; see [19, Theorem 23].
2. Quasi-dual and dual parallelograms
For the construction of regular 4-coverings so-called quasi-dual and dual parallelograms are basic. It turns out that these
and further types of parallelograms possess a number of interesting properties which we will need later and, therefore,
present in this section.
Two parallelograms P and Q in V are said to be quasi-dual if the sides of P are parallel to the diagonals of Q and the
sides ofQ are parallel to the diagonals of P , i.e., the parallelograms P andQ are quasi-dual if and only if for some possible
denotations of the vertices of P andQ (e.g., by p1, p2, p3, p4 and q1, q2, q3, q4, respectively) the relations
(p1 − p2) ‖ (q2 − q4), (p2 − p3) ‖ (q1 − q3), (q1 − q2) ‖ (p1 − p3), (q2 − q3) ‖ (p2 − p4) (1)
hold. The following lemma is proved in [12].
Lemma 2.1. Let P and Q be parallelograms in (V, ‖ · ‖) with vertices p1, p2, p3, p4 and q1, q2, q3, q4, respectively. If they are
quasi-dual, then
(i) any three conditions of (1) imply the fourth one;
(ii) ‖p1−p2‖‖q2−q4‖ =
‖p2−p3‖
‖q3−q1‖ = λ,
‖q1−q2‖
‖p1−p3‖ =
‖q2−q3‖
‖p2−p4‖ = µ and λ µ = 12 .
Also the next statement was proved by Lassak.
Lemma 2.2 ([12, Lemma 4]). Every convex body in the plane has a pair of inscribed quasi-dual parallelograms, where a diagonal
of one of them can be of any given direction.
In order to study further properties of quasi-dual parallelograms, the following lemmas are necessary. The first one is known
as themonotonicity lemma. It is proved in [11]; see also [8] and [20, Section 3.5].
Lemma 2.3. Let C be the unit circle in a normed plane (V, ‖·‖), and p, q, r be different points belonging toC such that the origin
o does not belong to the open half-plane determined by 〈p, q〉 which contains r. Then
‖p− q‖ ≥ ‖p− r‖,
with equality if and only if q, r, and 1‖q−p‖ (q− p) belong to a segment contained in C.
From the monotonicity lemma it is easy to obtain the following
Lemma 2.4. Let C be the unit circle in a normed plane (V, ‖ · ‖), and [p1, q1], [p2, q2] be parallel chords of C having the same
length in the norm such that the origin o does not belong to the open half-plane determined by 〈p1, q1〉 and containing p2 and q2.
If p1 ≺ p2 ≺ q2 ≺ q1, then the segments [p2, 1‖p1−q2‖ (p1 − q2)], [q2, 1‖q1−p2‖ (q1 − p2)] belong to C and contain the points p1
and q1, respectively.
Lemma 2.5. If P is a parallelogram in a strictly convex normed plane (V, ‖ ·‖) inscribed in a circleC, then the intersection point
of the diagonals of P coincides with the center of C.
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Fig. 1. A parallelogram inscribed in a strictly convex circle.
Fig. 2. Lemma 2.5 does not hold in a normed plane which is not strictly convex.
Proof. Let p1, p2, p3, p4 be the vertices of P , and q be the center of C; see Fig. 1 which, in view of an indirect proof, refers
to the contradictory situation. If the points p′1 and p
′
2 are obtained by reflection at the point q from p1 and p2, respectively,
then p1, p2, p′1, and p
′
2 are also vertices of a parallelogram. Hence
‖p1 − p2‖ = ‖p′1 − p′2‖. (2)
Let G be the line through q and parallel to 〈p1, p2〉. The lines 〈p1, p2〉 and 〈p′1, p′2〉 lie in the different half-planes with respect
to G. Since ‖p1 − p2‖ = ‖p3 − p4‖, the line 〈p3, p4〉 does not lie in the half-plane where 〈p1, p2〉 lies. This would contradict
Lemma 2.3. Therefore the lines 〈p3, p4〉 and 〈p′1, p′2〉 lie in the same half-plane with respect to G. In view of (2), this is only
possible in strictly convex normed planes, in the case that 〈p′1, p′2〉 ≡ 〈p3, p4〉. Since a line and a circle in strictly convex
normed planes have at most two common points ([20, Proposition 12]), we conclude that p′1 ≡ p3 and p′2 ≡ p4, or p′1 ≡ p4
and p′2 ≡ p3. Clearly, the second situation is impossible. Hence p′1 ≡ p3 and p′2 ≡ p4. 
Fig. 2 shows that Lemma2.5 does not hold if the normedplane is not strictly convex.Moreover, it turns out that Lemma2.5
characterizes strictly convex normed planes among all normed planes, i.e., we have
Proposition 2.1. The diagonals of any parallelogram in a normed plane (V, ‖ · ‖), which is inscribed in a circle, intersect in the
center of this circle if and only if the plane is strictly convex.
Proof. In view of Lemma 2.5, we only need to prove the ‘‘⇐H’’ part. Assume that the unit circle C contains a line segment
[p, q]. Then p, q,−p,−q ∈ C form a parallelogram. If x is the midpoint of [p, q], then −x is the midpoint of [−p,−q].
Moreover, the points x and−x belong toC. Therefore the diagonals of the parallelogramwith vertices x, q,−p,−x intersect
in the origin o, which is impossible since o ∈ [−x, x]. 
Remark 2.1. In a strictly convex normed plane, let a parallelogram P with vertices p, q, r, s be inscribed in a circle C(o, λ).
Then, by Lemma 2.5, we have that r = −p and s = −q, i.e., P is already determined by the points p and q. In what follows,
for such a parallelogram we write IP(p, q).
Remark 2.2. Lemma 2.5 also implies that if P = IP(p, q) is a parallelogram in a strictly convex normed plane inscribed in
a circle C(o, λ), then p+ q is James orthogonal to p− q. Note that the vector x ∈ (V, ‖ · ‖) is James (or isosceles) orthogonal
to y ∈ (V, ‖ · ‖), denoted by x#y, if
‖x+ y‖ = ‖x− y‖.
Also we note that in the Euclidean plane the notion of James orthogonality coincides with that of usual orthogonality.
We say that the parallelogramP in a normed plane (V, ‖ · ‖) is quasi-perfect if it is inscribed in a circle C and there exists
a parallelogramQ quasi-dual toP which is also inscribed in C. Clearly, also the parallelogramQ is quasi-perfect, and if the
plane (V, ‖ · ‖) is strictly convex, then Lemma 2.5 implies that it is unique.
The next lemma, which is also needed for our considerations, has been proved in [16].
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Lemma 2.6. Let there be given two distinct points p, q in a strictly convex normed plane, and z be the midpoint of [p, q]. Then
the bisector of p and q intersects the circle C(z, ‖p−q‖2 ) in exactly two points which are opposite points of this circle.
Proposition 2.2. Let the normed plane (V, ‖ · ‖) be strictly convex. Then the following statements for a parallelogram P =
IP(x, y) inscribed in a circle C(o, λ) are equivalent.
(i) P is quasi-perfect.
(ii) The sides of P have the same length in the norm.
(iii) x#y.
Proof. (i)H⇒ (ii): This follows immediately from the definition, Lemma 2.5, and Lemma 2.1, (ii).
(ii) H⇒ (i): Let the sides of P = P(x, y) have the same length, i.e., ‖x + y‖ = ‖x − y‖. Lemma 2.2 implies that there
exists a quasi-perfect parallelogram IP(x, y′), also inscribed in C, whose diagonal is [−x, x]. Then, by the above statement,
we have ‖x+ y′‖ = ‖x− y′‖, and according to Lemma 2.6 we have y ≡ y′.
The equivalence (ii)⇐⇒ (iii) is evident. 
Theorem 2.1. If for any quasi-perfect parallelogram IP(x, y) in a strictly convex normed plane the relation x a y holds, then the
plane is Euclidean.
Proof. Let x, y lie on the unit circle C and x#y. Then IP(x, y) is quasi-perfect, by Proposition 2.2. Therefore x a y. Since the
implication x#y H⇒ x a y for x, y ∈ C is equivalent to the fact that the plane is Euclidean (see [1, (10.9)]), the proof is done.

If P and Q are quasi-dual parallelograms and λ = µ (see Lemma 2.1), then they are said to be dual. In every centrally
symmetric convex body a pair of dual parallelograms can be inscribed; see [9] and [12, Remark 1]. We say that the
parallelogram P in (V, ‖ · ‖) is perfect if it is inscribed in a circle C and there exists a parallelogram Q, also inscribed in
C, which is dual to P .
Proposition 2.3. Let the normed plane (V, ‖ · ‖) be strictly convex with unit circle C. Then the following statements for a quasi-
perfect parallelogram P = IP(x, y) inscribed in C are equivalent.
(i) P is perfect.
(ii) The side-length of P is
√
2.
(iii) x⊥P y.
(iv) x+ y⊥P x− y.
Proof. The equivalence of (i) and (ii) follows immediately from Lemma 2.1, (ii). The implication (iii)⇐⇒ (iv) is a direct
consequence of Proposition 2.2.
(ii)H⇒ (iii): We have ‖x+ y‖ = √2. On the other hand we have ‖x‖2 + ‖y‖2 = 2, which implies that x⊥P y.
(iii)H⇒ (ii): The Pythagorean orthogonality of x and ymeans ‖x+ y‖2 = ‖x‖2 + ‖y‖2. Therefore ‖x+ y‖ = √2. 
Remark 2.3. If IP(x, y) is a perfect parallelogram, besides x⊥P y (Proposition 2.3, (iv)) we have also x⊥P(−y), which does
not hold in general.
3. Properties of a regular 4-covering
In this sectionwe give a brief description of a regular 4-covering as it is constructed in [12], andwe derive new properties
of this covering. Let D be a convex body in the Euclidean plane. We write bdD for the boundary of D . According to [12,
Lemma 4] there exist points p1, q1, . . . , p4, q4 lying in this order in bdD such that p1, . . . , p4 are the vertices of the
parallelogram P , q1, . . . , q4 are the vertices of the parallelogram Q, the parallelograms P , Q are quasi-dual, and λ ≤
√
2
2 ,
where λ is determined by the first equation of (ii) in Lemma 2.1. Let
〈q4, p1〉 ∩ 〈p2, q2〉 = {t1}, 〈q1, p2〉 ∩ 〈p3, q3〉 = {t2},
〈q2, p3〉 ∩ 〈p4, q4〉 = {t3}, 〈q3, p4〉 ∩ 〈p1, q1〉 = {t4}; (3)
see Fig. 3. Furthermore, let ϕi with i = 1, . . . , 4 be the homothety with center ti and ratio λ. Then ∪4i=1 ϕi(D) is a covering
ofD , called a regular 4-covering and denoted by cov(P ,Q, λ). Moreover, for i = 1, . . . , 4 the covering ϕi(D) contains the
intersection point of the diagonals of P ; see [12, Section 3]. For the next theorem we need some basic notions from convex
geometry. The maximum distance between any pair of points of a convex bodyD is, as a number, called the diameter of D .
A chord ofD having maximal Euclidean length among all chords ofD parallel to a given direction u is, as a segment, said to
be an affine diameter ofD . Two convex bodies touch each other if they intersect but do not possess a common interior point.
Theorem 3.1. In the Euclidean plane, let there be given a convex bodyD of diameter 1. If cov(P ,Q, λ) is a regular 4-covering
of D , then the smallest homothetical copy of D , which contains cov(P ,Q, λ), is of diameter 2λ.
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Fig. 3. A regular 4-covering.
Proof. Let the vertices p1, . . . , p4 and q1, . . . , q4 of P and Q, respectively, be placed on bdD as shown in Fig. 3. Let ti,
i = 1, . . . , 4, be determined by (3), and ϕi be the homothety with center ti and ratio λ. Then cov(P ,Q, λ) = ∪4i=1Di, where
Di = ϕi(D), i.e.,
Di = (1− λ)ti + λD. (4)
Since ϕi({qi−1, qi+1}) = {pi, pi+1} (the subscripts of p and q are meant modulo 4), we have
pi = (1− λ)ti + λqi−1, pi+1 = (1− λ)ti + λqi+1. (5)
The Eqs. (4) and (5) yield
D1 = p2 − p3 +D3. (6)
Consider the point x = (1− λ)t3 + λq1 on the boundary ofD3. Thus by (5) we get
x− 1
2
(p1 + p3) = 12 (p3 − p1)− λ(q2 − q1) =
1
2
(p3 − p1)− λµ(p3 − p1),
where µ is determined in Lemma 2.1. Since λµ = 12 , we obtain that x coincides with the intersection point of the diagonals
of P . Therefore the point
q′1 = p2 − p3 +
1
2
(p1 + p3) = p2 + 12 (p1 − p3)
lies on the boundary ofD1; see (6). In the sameway one can prove that q′2 = p2+ 12 (p3−p1) ∈ bdD2, q′3 = p4+ 12 (p3−p1) ∈
bdD3, and q′4 = p4 + 12 (p1 − p3) ∈ bdD4. Moreover, the points q′1, . . . , q′4 form a parallelogram. We may assume that the
intersection point of the diagonals ofQ coincides with the origin o. Thus we get
p2 − p3 = 2λq1, p2 − p1 = 2λq2. (7)
LetD = 12 (p1 + p3)+ 2λD . Since q1 ∈ bdD , then
1
2
(p1 + p3)+ 2λq1 = 12 (p1 + p3)+ (p2 − p3) = p2 +
1
2
(p1 − p3) = q′1
belongs to the boundary ofD . Since the points q2, q3, and q4 also belong to bdD , we obtain that q′2, q
′
3, q
′
4 ∈ bdD .
Now we shall prove that ∪4i=1Di ⊂ D . From (4), (5) and (7) we have
D1 = (1− λ)t1 + λD = p2 − λq2 + λD
= p2 − 12 (p2 − p1)+ λD =
1
2
(p1 + p2)+ λD. (8)
Let u ∈ D1, say. Then there exists a point v ∈ D such that
u = 1
2
(p1 + p2)+ λv,
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by (8). The convexity ofD implies that v′ = 12 (q1 + v) ∈ D . Therefore the point
u′ = 1
2
(p1 + p3)+ 2λv′
belongs toD . Since
u− u′ = 1
2
(p1 + p2)+ λv −
(
1
2
(p1 + p3)+ λ(q1 + v)
)
= 1
2
(p2 − p3)− λq1 = o,
we obtain that u ∈ D .
Assume that there exist a positive number λ′ < λ and a point y such that
D∗ = y+ 2λ′D
contains ∪4i=1Di. Our aim is to obtain a contradiction. Since q′i ∈ Di, we have q′1, . . . , q′4 ∈ D∗. This means that there exist
four points q′′1, . . . , q
′′
4 ∈ D with
q′i = y+ 2λ′q′′i , i = 1, . . . , 4. (9)
Clearly, these four points are vertices of a parallelogram. Moreover, the Eq. (9) imply
2λ′(q′′1 − q′′2) = p1 − p3 =
1
µ
(q1 − q2) and
2λ′(q′′2 − q′′3) = p2 − p4 =
1
µ
(q2 − q3).
(10)
Since 2λ′µ < 2λµ = 1, we have
‖q′′1 − q′′2‖E > ‖q1 − q2‖E and ‖q′′2 − q′′3‖E > ‖q2 − q3‖E, (11)
where ‖ · ‖E is the usual Euclidean norm. Let [y1, y2] be an affine diameter of D parallel to 〈q1, q2〉. Then, obviously, the
Euclidean lengths of all chords of D parallel to [y1, y2] and lying in the same half-plane with respect to the affine hull
of [y1, y2] monotonously decrease when their distance to [y1, y2] increases. Therefore it is impossible that there exists a
parallelogram with vertices q′′1, . . . , q
′′
4 fromD with the properties (10) and (11). 
For the considerations in the following sections we have to emphasize some special properties of regular 4-coverings,
needed for the case when the covered body is centrally symmetric.
Lemma 3.1. Let C be the unit circle of a normed plane (V, ‖ · ‖), and P be a parallelogram inscribed in C whose diagonals do
not intersect at the origin. Then two opposite sides of P are segments on the unit circle C.
Proof. Let p1, p2, p3, p4 be the vertices ofP , i.e., we have ‖p1 − p2‖ = ‖p4 − p3‖. Consider the case when the origin o does
not belong to the open half-plane determined by 〈p1, p2〉 and containing p3 and p4. Lemma 2.4 implies that the segments
[p2, p3] and [p4, p1] are contained in C. Let now the origin o belong to the open half-plane determined by 〈p1, p2〉 and
containing p3 and p4. Then, for the parallelogram with vertices −p1, p3, p4,−p2, we apply the above case and obtain that
the segments [−p1, p3] and [−p2, p4] belong to C. Since 〈p3, p4〉 is parallel to 〈−p1,−p2〉, only the following relations are
possible: p1 ≺ p2 ≺ −p1 ≺ p3 ≺ p4 ≺ −p2 or p1 ≺ p2 ≺ p3 ≺ −p1 ≺ −p2 ≺ p4. On the other hand, 〈p1,−p2〉 ‖ 〈p2,−p1〉
and 〈p1, p4〉 ‖ 〈p2, p3〉. Therefore the convexity of C implies that the points p1, p4,−p2 as well as the points p2, p3,−p1 are
collinear. Thus, again the convexity of C yields that [p1, p4] and [p2, p3] are contained in C. 
Lemma 3.2. Let cov(P ,Q, λ) be a regular 4-covering of the unit disc D of the normed plane (V, ‖ · ‖). Then the diagonals of
P andQ intersect at the origin o.
Proof. Let p1, p2, p3, p4 be the vertices of P , q1, q2, q3, q4 be the vertices of Q, and p1 ≺ q1 ≺ · · · ≺ p4 ≺ q4. Assume that
neither the diagonals of P nor the diagonals of Q intersect at the origin. Then, by Lemma 3.1, two opposite sides of P are
segments on the unit circleC, say [p1, p2] and [p3, p4]; see Fig. 4. Again by Lemma 3.1, [q1, q2] or [q1, q4] is a segment onC. If
[q1, q2] is that segment, then p1, q1, p2, q2 are collinear. ButP andQ are quasi-dual, i.e., 〈q1, q2〉 ‖ 〈p1, p3〉. This contradicts
the fact thatP is a parallelogram. Therefore the diagonals of at least one of the parallelogramsP orQ intersect at the origin.
Suppose that the diagonals of Q do not intersect at the origin. Then Lemma 3.1 implies again that [q1, q2] and [q3, q4] (or
[q2, q3] and [q4, q1]) belong to C; see Fig. 5. Thus we get p2 ∈ [q1, q2] and p4 ∈ [q3, q4] (or p1 ∈ [q4, q1] and p3 ∈ [q2, q3]).
Since 〈p2, p4〉 ‖ 〈q2, q3〉 (or 〈p1, p3〉 ‖ 〈q1, q2〉), by Lemmas 2.1 and 2.4 we obtain µ = 1, which is impossible. Analogously,
if the diagonals of P do not intersect at the origin, then λ = 1, which is also impossible. 
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Fig. 4. Two opposite sides of P are segments on C.
Fig. 5. Two opposite sides ofQ are segments on C.
Theorem 3.2. In a normed plane, let ∪4i=1 D(xi, λ) be a regular 4-covering of a disc D(x, µ) derived from the quasi-dual
parallelograms with vertices p1, p2, p3, p4 and q1, q2, q3, q4; see again Fig. 3. Then, for i = 1, . . . , 4 (and x5 ≡ x1, p5 ≡ p1), we
have
(i) {x, pi} ∈ C(xi, λ) ∩ C(xi+1, λ);
(ii) C(x1, λ) and C(x3, λ) touch each other, as also C(x2, λ) and C(x4, λ) do;
(iii) xi is the midpoint of [pi, pi+1];
(iv) the points x1, x2, x3, x4 form a quasi-perfect parallelogram of side-length µ which is inscribed in C(x, µ).
Proof. Without loss of generality we assume that x ≡ o. If ti, i = 1, . . . , 4, are determined as in (3), then the homothety ϕi
with center ti and ratio λµ maps D(o, µ) into D(xi, λ). Since xi = ϕi(o), we have xi = (1− λ)ti. On the other hand, the origin
o is the midpoint of [q2, q4] and ϕ1({q4, q2}) = {p1, p2}. Thus we see that x1 is the midpoint of [p1, p2]. By Lemma 2.1 we
have ‖p1 − p2‖ = 2λ. From here we get ‖x1‖ = λ. In the same way one can prove that ‖x2‖ = ‖x3‖ = ‖x4‖ = λ. The last
statement of Theorem 3.2 is evident. 
4. Configurations of Minkowskian circles related to a regular 4-covering
Let (V, ‖ · ‖) be a strictly convex normed plane, and C(xi, λ), i = 1, . . . , 4, be four circles passing through a point p
such that C(xi, λ) and C(xi+1, λ) do not touch each other, where x5 ≡ x1. Then C(xi, λ) and C(xi+1, λ) have exactly one
second intersection point, denoted by pi+1. If ∪4i=1 D(xi, λ) is a regular 4-covering of D(p, µ), where µ > λ, then the points
p1, . . . , p4 lie on the same circle of radiusµ. In case of three circles of the same radius passing through a point p, the second
intersection points (if any two of the circles do not touch) always lie on a circle of the same radius. In the Euclidean case this
is the so-called Ţiţeica theorem; see [15] for a survey on applications and extensions of this basic theorem. E.g., to strictly
convex, smooth normed planes this theorem was extended by Asplund and Grünbaum [2], but it also holds if these planes
are not necessarily smooth; see [17] and also [18] for further extensions. The next theorem clarifies what configuration is
obtained if the second intersection points of even four circles of the same radius passing through a point p also lie on one
circle. More precisely, we have
Theorem 4.1. In a strictly convex normed plane, let there be given four circles C(xi, λ), i = 1, . . . , 4, passing though a point p
such that C(xi, λ) and C(xi+1, λ) do not touch each other, whereas C(xi, λ) and C(xi+2, λ) touch each other (x5 ≡ x1, x6 ≡ x2);
see Fig. 6. If pi+1 (p5 ≡ p1) is the second intersection point of C(xi, λ) and C(xi+1, λ) and p1, p2, p3, p4 lie on the same circle of
radius µ > λ, then ∪4i=1 D(xi, λ) is a regular 4-covering of D(p, µ).
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Fig. 6. Four circles passing through a point.
Proof. Without loss of generality we can assume that p ≡ o. Consider the circles C(o, µ) and C(xi, λ). Then we have
C(o, µ) ∩ C(xi, λ) = {pi, pi+1}. Thus Proposition 21 in [20] implies that if γ is the arc of C(o, µ) between pi and pi+1 that
does not contain the remaining points of the set {p1, . . . , p4}, and γ ′ is the arc of C(xi, λ) with endpoints pi, pi+1 that does
not contain o, then
γ ∈ conv γ ′.
This means that ∪4i=1 D(xi, λ) is a covering of D(o, µ). The property that the circles C(xi, λ) and C(xi+2, λ) touch each other
implies that x1, x2, x3, x4 form a parallelogram whose diagonals intersect at o (cf. Lemma 5 in [23]). In a strictly convex
normed plane, for any two different circles C(y1, λ) and C(y2, λ)with C(y1, λ) ∩ C(y2, λ) = {z1, z2} and z1 6= z2 we have
y1 + y2 = z1 + z2; (12)
see, e.g., [2]. Thus we get
x1 + x2 = p2, x2 + x3 = p3,
x3 + x4 = p4, x4 + x1 = p1,
whence
p1 − p2 = x4 − x2, p2 − p3 = x1 − x3,
p2 + p4 = x1 + x2 + x3 + x4, p1 + p3 = x1 + x2 + x3 + x4. (13)
Therefore the points p1, p2, p3, p4 form a parallelogram with diagonals intersecting at o. Moreover, its sides are parallel to
the diagonals of the parallelogram obtained by x1, x2, x3, x4. The Eqs. (13) also imply that
‖p2 − p3‖ = ‖p1 − p2‖ = 2λ.
Thus we obtain that xi+1 is the midpoint of [pi, pi+1]. If [o, xi〉 ∩ C(o, λ) = {qi}, then the points q1, q2, q3, q4 form a
parallelogram which is quasi-dual to that with vertices p1, p2, p3, p4. Now it is easy to see that ∪4i=1 D(xi, λ) is a regular
4-covering of D(o, µ). 
More general than in the above configurations of circles, we consider C(xi, λ), i = 1, . . . , 4, now to be a configuration in
which the first intersection points of C(xi, λ) and C(xi+1, λ), with x5 ≡ x4, do not coincide. For such configurations in strictly
convex normed planes the next theorem holds. This theorem was also proved by Asplund and Grünbaum in [2], but under
the additional assumption that the plane be smooth.
Theorem 4.2. In a strictly convex normed plane (V, ‖ ·‖), let there be given four circles C(xi, λ), i = 1, . . . , 4, such that C(xi, λ)
and C(xi+1, λ), with x5 ≡ x1, have exactly two intersection points pi+1 and qi+1, where p5 ≡ p1 and q5 ≡ q1; see Fig. 7. Then the
points p1, . . . , p4 lie on the same circle of radius λ if and only if q1, . . . , q4 lie on the same circle of radius λ.
Proof. Without loss of generality we assume that pi ∈ C(o, λ), i = 1, . . . , 4. By (12) we have
x1 + x2 = p2 + q2
x2 + x3 = p3 + q3
x3 + x4 = p4 + q4
x4 + x1 = p1 + q1
and
x1 = p1 + p2
x2 = p2 + p3
x3 = p3 + p4
x4 = p4 + p1.
(14)
The Eqs. (14) imply that
qi = pi + pi+1 + pi+3 = p1 + p2 + p3 + p4 − pi+2,
where i = 1, . . . , 4 and p6 = p2, p7 = p3. Since ‖pi‖ = λ, we get
‖p1 + p2 + p3 + p4 − qi‖ = λ,
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Fig. 7. Miquel’s Theorem.
Fig. 8. Bundle Theorem.
which means that
qi ∈ C(p1 + p2 + p3 + p4, λ). 
Remark 4.1. In the Euclidean case, Theorem 4.2 is known as Miquel’s Six-Circles Theorem; see, e.g., [4, p. 131, Satz 3.4] and
[21, p. 424, Theorem III], and it is also true if the circles have different radii. Such a configuration of circles is called (83, 64)-
configuration because it is formed by 8 points and 6 circles, any of these points lying on 3 circles, and any circle passing
through 4 of these points.
Remark 4.2. One has to distinguish between Miquel’s Six-Circles Theorem and the Bundle Theorem (see again [4, p. 133]),
which also refers to the (83, 64)-configuration of circles. But the corresponding theorem states that if p1, . . . , p4, q1, . . . , q4
are 8 distinct points in the Euclidean plane and the quadruples (p1, p2, q1, q2), (p2, p3, q2, q3), (p3, p4, q3, q4), (p4, p1, q4, q1),
and (p1, p3, q1, q3) are collinear or concyclic in each case, then the quadruple (p2, p4, q2, q4) is also collinear or concyclic;
see Fig. 8. Theorem 4 in [22] states that if the Bundle Theorem holds in a strictly convex, smooth normed plane, then this
plane is Euclidean.
5. A lattice covering of the plane based on a regular 4-covering
A lattice of vectors in V is the collection L = L(u, v) of integer-coefficient linear combinations of a pair of linearly
independent vectors u and v. The pair {u, v} is called the basis of the lattice L, and the parallelogram spanned by u and v
is said to be the respective basis parallelogram. A lattice covering of the plane is a covering of the plane whose members are
translates of a given convex body, where the translation vectors are taken from the lattice. A covering of the plane with
H. Martini, M. Spirova / Discrete Mathematics 309 (2009) 5158–5168 5167
Fig. 9. A regular 4-covering of a strictly convex normed plane.
circles of radius λ hasmargin µ, 0 ≤ µ ≤ λ, provided the plane remains covered if any circle of the covering is replaced by
the concentric circle of radius λ− µ.
Let∪4i=1 D(xi, λ)be a regular 4-covering of the unit discD of a strictly convexnormedplane. IfL = L(x2−x1, x4−x1), then
D(x1, λ)+L is a lattice covering of the plane.We call this covering a regular 4-covering of the plane generated by∪4i=1 D(xi, λ).
From Theorem 3.2 we immediately obtain the following properties.
Proposition 5.1. Let D(x, λ)+L be a regular 4-covering of the plane, where D(x, λ) is a circle in a strictly convex normed plane
and L = L(u, v). Then
(i) the margin of D(x, λ)+ L is zero;
(ii) D(x, λ)+ L(u+ v, u− v) and D(u+ x, λ)+ L(u+ v, u− v) are packings of the plane.
Let D(x, λ) + L be a lattice covering of the plane, where D(x, λ) is a disc of a strictly convex normed plane. The Voronoi
region of D(x, λ) is the set of points whose distances from x do not exceed the distance from the center of any other disc of
the covering D(x, λ)+ L. The gray area of D(x, λ) is the closure of the set of points in D(x, λ)which belong to no other disc
of the covering D(x, λ). For various properties of Voronoi regions and of the gray areas of discs D(x, λ) in the Euclidean case
we refer to [5], a basic survey on Voronoi diagrams is [3]; see also [19]. Here we give some properties of the Voronoi region
and the gray area of D(x, λ) if D(x, λ)+ L is a regular 4-covering of a strictly convex normed plane.
Proposition 5.2. Let D(x1, λ) + L be a regular 4-covering of a strictly convex normed plane generated by ∪4i=1 D(xi, λ); see
Fig. 9. If V is the Voronoi region of D(x1, λ)+ L and G is its gray area, then
(i) G ⊂ V ⊂ D(x1, λ);
(ii) V and G are symmetric with respect to x1;
(iii) the family of translates of V , obtained by the basis vectors of the lattice L, is a tiling of the plane;
(iv) the Voronoi region V and the gray area G are inscribed in C(x1, λ);
(v) the boundary of the gray area G is the union of four circular arcs of the covering;
(vi) the convexity of V implies that it is parallelogram.
Proof. Let C(xi, λ) ∩ C(xi+1, λ) = {o, pi}. The inclusions G ⊂ V and V ⊂ D(x1, λ) follow from the fact that the bisector of
[x1, x2] between the points o and p1, say, belongs to D(x1, λ)∩ D(x2, λ), and also that o, p1 ∈ B(x1, x2) implies (iv). Since, in
view of Theorem 3.2, we have
‖x1 − x4‖ = 12 ‖p1 − p3‖ = 1,
the distance between the centers of C(2x1 − x4, λ) and C(x4, λ) equals 2, which is strictly larger than 2λ. Therefore
C(2x1 − x4, λ) and C(x4, λ) have no points in common. Thus also (v) is proved. In order to prove (vi), we note that every
line parallel to [x1, x2] intersects B(x1, x2) in exactly one point; see [20, Proposition 15]. If this point belongs to the part of
B(x1, x2) between o and p1, then it lies neither in the open half-plane bounded by 〈o, p1〉 and containing x1 nor in its opposite
half-plane. Therefore this part is a segment, and the proof of (vi) is done. The statements (ii) and (iii) are evident. 
Remark 5.1. In [14] it is proved that if for all lattice coverings the corresponding Voronoi regions are convex, then the plane
is Euclidean. We conjecture that if for all regular 4-coverings of the plane the respective Voronoi regions are convex, then
the plane is Euclidean.
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